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ON THE SPECTROSCOPIC RESOLUTION O F  A FUNCTION. 245 

XXVII. The Xpectroscopic Resolutwn of an Arbitrary Function. 
B y ’ C .  V. BURTON, D.Sc. 

RECEIVED MARCH 7, 1913. READ BPRIL 25, 1913. 

1. Prom time to time, since Dr. Schuster made known his 
conception of the periodogram, I have attempted to devise 
some quasi-spectroscopic method of analysing graphic records 
-not realising that the resolution could be affected by the 
spectroscope itself. Though I hasre not a t  present the means 
of working out the practical details of the method, a short 
communication on the subject may perhaps be justified by the 
simplicity and completeness of the optical theory, and the 
advantage which should result to more than one branch of 
science from a successful application of the principle 
proposed. 

2. A n  ordinary grating has periodic rulings, and a spectrum 
obtained by means of it is characteristic of the radiation enter- 
ing the spectroscope slit. On the other hand, if the radiation 
is homogeneous, whiIe the distribution of the rulings is arbi- 
trary, we obtain a spectrum characteristic of the grating. 
With reservations to be mentioned immediately, it  should 
suffice if we can produce a transmission grating whose trans- 
parency (variable in one dimension only) is suitably related to 
the record in question. When this equivalent grating takes its 
place in a spectroscopic train, the slit being fed with homo-. 
geneous light, we shall be able to see or to photograph the 
spectrum of the record. The necessary reservations are : 
(i.) The effect of the transmission grating on any given element 
of the (normally) transinitted disturbance must be simply 
a rednction of amplitude, with no change of phase except such 
as is uniform over the whole extent of the grating,” and (ii.) 
the absorbing layer should be flat enough and thin enough t o  be 
sensibly equivalent to a plane surface whose power of absorp- 
tion varies from point to point. 

3. For convenience let the permeability (P) in the neigh- 
bourhood of any point be defined as the square root of the 
reciprocal of the ‘‘ densit;y,” so that a t  normal incidence the 

* Thi3 will be at least very approximately the case if the partial opacity 
is due to  a distribution of small perfectly opaque granules, with transparent 
interspaces through which the luminous disturbance can penetrate. 
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proportion of luminous energy transmitted is P2. 
harmonic grating* is defined by 

where 4 and A, are constants of which ,Ao is necessarily the 
greeter, 2 n / p  is the grating interval and P is the permeability 
at  every point of that vertical line whose horizontal co-ordinate 
is 2. With the slit illuminated by homogeneous light of wave- 
length il (=2n/n, say), and with the incidence normal, such a 
grating gives a central image of intensity proportidnal t o  4 2 ,  

and on each side a single spectral image, at  an emergent angle 
8 given, in accordance with the ordinary grating formula, by 

A simple 

P-&+A, COS P Z ,  

p=n sin 8.  . , . . . . . (1) 
4. Assuming still the conditions postulated in $2, consider 

the general case of a grating of width b extending from x= --Qb 
to x = i b .  Let the permeability P be a function of x only, 
and equal to Po+cp(s), where Po is a positive constant, while 
the mean value of cp(s) is zero. Within the limits z= 7 +b, the 
value of Po+cp(z) must evidently lie between 0 and 1 ; beyond 
those limits it vanishes. Let homogeneous light proceeding 
from a point source and rendered parallel by an object glass 
fall normally on the grating, and for simplicity suppose that 3 

this light is plane-polarised, the plane of polarisation being 
..either parallel or perpendicular to the rulings. In either case 
the disturbance incident upon the grating may be specified by 
writing.dom the value of the electric vector as a functioii of the 
time. Let this be 

A cos nVt, 
so that V is the velocity of light. 
is accordingly 

The transmitted disturbance 

AP cos nVt=APo cos nVt+Arp(x) cos nVt. 
5. The first term on the right gives rise to the central image 

and need not be further considered. To determine the effect 
of the remaining term, imagine a telescope of assigned focal 
length pointed a t  the centre of the grating in an azimuth 
inclined 8 to the grating normal. The amplitude of the 
lunlinous disturbance reaching the focus of the telescope has 
to be expressed as a function of 8. Factors which are no t  
variable with 8 may be omitted ; nor are we here concerned 
with variations in a vertical sense, since these in practice would 

* Cf. Reyleigh, “Wave Theory of Lght,” 8 15. 
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be obliterated by substituting an illuminated slit for the ideal 
point source. Corresponding to the emergent angle 8, the 
disturbance proceeding from any point 3 of the grating suffers 
a relative retardation x sin 8, and, with an arbitrary change in 

' the  origin of time, the disturbance a t  the focus of the telescope 
is seen t o  be proportional to 

SPECTROSCOPIC RESOLUTION OF A FUNCTION. 

in which the limits of integration might equally well have been 
given as T i b .  The factor y(8) in general differs from unity, 
because each element of the disturbance emerging in the 
plane of the grating is oblique to the direction of the beam 
considered. From symmetry y(8) is an even function of 8, 
and in the ideal case, where the effect of the grating is entirely 
one of absorption, its form is simple: for an incident beam 
polarised perpendicularly to the rulings, y(8)  is constant and 
equal to unity ;-for polarisation parallel to t,he rulings, y(8)  
=cos 8. If the incident light is unpolarised (which implies that 
the homogeneousness is not mathematically absolute) the 
factor corresponding to y(8) will be d{i(l+cosz e ) } ,  the 
emergent beam being perceptibly polarised except for very ' 

moderate values of 8. 
6 .  In virtue of (1) the expression (2) may be written 

where 

The corresponding intensity of illumination is 
BiYu(e)~2E(f1(P))2+Sfe(p))21, * - * (4) 

where B is an instrumental constant. If the brightness has 
been mapped throughout the spectrum, and if the value of B 
and the form of the function y(8))z have been independently 
found, we shall be able to plot the values of ( f l (p) )2+ ( f , ( ~ ) ) ~ .  
as ordinates against abscissae proportional to p or to the 
grating interval 2njp .  

7. Where only moderate values of 8 are in question, so that 
82 and higher powers may be neglected, y(8) is sensibly a 
constant, and moreover the spectrum may be photographed on 
a flat plate. If the exposure law of the plate is known, the 
photograph may be regarded as equivalent t o  a periodogram," 

* See footnote t o  $11. 
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the case being so far analogous to that of an ordinary spectro- 
gram, In the present instance, however, the scale of abscissm 
is not one of wave-lengths, but of reciprocalgrating intervals (p) .  

8. Now by Fourier’s theorem 
1 “  1 ”  

Z O  7 1 0  
Y ( 4 =  -I f l ( T 4  cos p++ -J f2(po) sin P d P ,  - * (5 )  

fl(p), f 2 ( p )  having the values defined in (3), and a full deter- 
mination of the €unctions f l ,  f z  would constitute a complete 
Fourier analysis of y ( z ) .  

(6) fl(P)/~K=.CGS x, 
f2(p) / ’nK= sin X ,  

(5) becomes cp(z)=/ Kcos  (p t -x )dp ,  . . . . . (7) 

and it is K2 as a function of p which we are hz a position to 
determine spectroscopically. We have yet to ascertain the 
phases of the various harmonic constituents, that is, to deter- 
mine x as a function of p .  There are, broadly speaking, two 
cases in which the X’S have a definite significance. One is the 
case of a function rp(x), whose effective values are confined to 
a limited range of value of the argument ; x is then in general 
a continuous function of p. The other is the case where y(z) 
is wholly or partly made up of absolutely pure harmonic con- 
stituents, corresponding to discrete values of p .  The corre- 
sponding x’s are then precisely definite, and the greater the 
range over which our Fourier analysis is extended the more 
accurately they can be determined. 

9. To frnd the x’s, but in each case with an ambiguity of 
half a period, we may proceed as follows : Imagine the grating 
bisected along a line perpendicular to the rulings, and one-half 
of it rotated through 180 deg. in its own plane, caryying with 
i t  its origin of x. There will then be a single vertical line of 
agreement, where like values of x come together. If now one- 
half of the grating is moved lengthwise micrometrically, any 
given line of the spectrum will show periodic variations of 
brightness, the minima being extinctions under proper con- 
ditions of adjustment. The minima will occur when the line 
of agreement is at a node of the harmonic grating constituent 
responsible for the line examined. The positions of the nodes 
having thus been determined, the ambiguity can in most cases 
be removed by integration over a relatively short portion of 

1 . . . . .  I 
1 

[ { f 1 w ) 2 +  ( f2(P)121)=K,  
If we put 

7c 

m 

0 
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the original graphic record. I think this plan might be quite 
useful in the case of a banded spectrum, derived from a 
function of limited range for, when the phase had been 
determined without ambiguity (say) for the dominant period 
of the band, the distribution of phase throughout the band 
could probably be followed without much difficulty. Perhaps 
the chief use of the spectroscopic method would be to indicate 
what periods are worth examining in more laborious ways. 

10. Where the incident light is as nearly as possible homo- 
geneous, and the periods of the grating are to be investigated, 
the spectroscopic conditions are in some respects unusual. 
The limited width of the grating still imposes a minimum 
interval which must exist between the centres of two lines if 
they are to be seen as separate ; but, given the grating as the 
subject of observation, no irrelevant broadening of l ines is here 
implied. The grating is in fact analysed into simp!e harmonic 
gratings of infinite width, and, in the absence of aberrations, 
with a sufficiently narrow slit, the performance is only limited 
by the value of A/AA, where AA is the ‘‘ effective range ’) of 
wave-length comprised in the incident radiation. Now 
I/AA can easily be 400,000 or more, so that we can count on all 
the spectroscopic detail to which our record entitles us, though 
for photographing it upon a convenient scale a rather long 
camera may be needed. 

11. For moderate angles of emergence, as already stated, 
we have a sensibly uniform scale of reciprocal grating intervals, 
the middle of the scale corresponding with 2n,/p=a,.  The 
original graph will in many capes represent a function Hy(t) 
of the time t ,  H being in general a dimensional constant. In 
that case the spectrum seen will be disposed according to a 
sensibly uniform scale of frequencies.* The Thole spectrum 

* The function $(z) within the range z= T b / 2  has throughout been treated 
as the entire subject of analysis. This Jsould be the natural mode of pro- 
ceeding when, for example, H$(t) was the ordinate of a seismogram, whose 
outstanding features were confined to a correspondingly restricted space of 
time. { f ; ( p ) } 2 + { f 2 ( p ) } ?  is then characteristic of the function $ CM a whole, 
and is afactor of what I propose to  call the integral periodogram, a term which 
has Prof. Schustcr’s approval. On the other hand, as Schuster has pointed 
out, mhen the effective values of the function to  be analysed extend with 
statistical uniformity over a \vide range, of which only a relatively small 
Ynmplc, extending over a range b, is taken for analysis, the average value 
obtained for { f , ( p )  } a + f f 2 ( p ) } 2  will be sensibly proportional to  b, and on 
division by 6 )vi11 furnish quantities characteristic soIely of the function in 
question. In all such cases b-l[{fl(p)}z+ { f 2 ( p ) ] 2 ]  is a factor of the ordinate 
of the periodogram, the term being non’ used in  its accepted sense, without 
qualification. Cf. Schuster, “ Proc. R.S.,” A. 77, pp. 136-140 (1906). 

VOL. xxv. R 
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being in light of one wave-length, the comparison of intensities, 
whether visually or photographically, is simplified. In parti- 
cular the “ density ” in the neighbourhood of any point of the 
grating has a single definite value. 

12. Remembering that it, is the square root of the reciprocal 
of the photographic density whose values are to be (within a 
constant term) proportional to the ordinates of the record, we 
have f i s t  to determine the law connecting density with 
exposure, and in the apparatus which I have provisionally 
planned the problem of producing the equivalent grating from 
a given record then resolves itself into the suitable shaping 
of a cam. A good test of the performance would be to produce 
truly periodic gratings “ equivalent ” to pure sine curves of 
long and of short periocl, and to examine these in the spectro- 
scope €or harmonics. Various considerations indicate that a 
fairly open scale for the grating is desirable. 

Note added May ZOth, 1913. 
The resolution of a transmission grating into harmonic con- 

stituents may be illustrated by a familiar example. Consider 
a grating consisting of a regular succession of narrow strips of 
greater and of lesser transparency alternately. The graph 
representing the distribution of permeability (8 3) is in this 
case simply a “ chess-board,” and is readily analysable into 
a series of sine curves, each of which corresponds to an har- 
monic grating constituent. This compound character of the 
grating is evidenced by the existence of second and higher 
order spectra in addition to the spectrum of the first order. 
When the radiation examined by means of such a grating is 
sensibly homogeneous, a spectrum of any given order consists 
of a single fine line, and the aggregate of these lines on one side 
or the other of the central image is the spectrum of the grating. 

Since the foregoing Paper was in type, I have had the 
advantage of discussing the matter with Prof. H. H. Turner, 
whom I have to thank for a number of valuable suggestions. 
As a result, the practical aspect of the method now appears 
more simple than I had thought possible, and I have begun 
making some preliminary tests. 

Lord Rayleigh’s Paper, referred to in his communicated 
remarks, seems to have been unaccountably overlooked by 
those interested in harmonic analysis. It was only a day or 
two before my own attention had been drawn t o  this Paper 
that I had realised the possibility of analysing a function by 
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means of a grating whose rulings are of variable length instead 
of variable intensity. The grating is thus reducible to a tem- 
plate, whose outline is the graph of the function to be analysed ; 
but certain instrumental restrictions are a t  the same time 
imposed. The (vertical) slit of the spectroscope must be 
shortened to a pinhole, and attention must be confined to a 
linear horizontal strip of field, the central line of which is the 
horizontal axis of the diffraction pattern. These are precisely 
the conditions indicated and experimentally verified by Lord 
Rayleigh, who refers, in the Paper already cited, to  the incon- 
venience which t’hey entail. But as regards adaptability to 
practical needs, Lord Rayleigh’s method seems to me dis- 
tinctly more promising than that described above, for it 
demands no knowledge of the exposure law of a photographic 
plate, thus avoiding more than one serious difficulty, while 
the special drawbacks which have been referred to can be, 
overcome by comparatively simple devices. 

ABSTRACT. 
.In ordinary grating has periodic rulings, and a spectrum obtained 

by means of it is characteristic of the radiation entering the spectro- 
scope-slit. But if the radiation is homogeneous, while the distribu- 
tion of the rulings is arbitrary, we obtain a spectrum characteristic of 
the grating. T t  is thus found to be theoretically possible to resolve 
spectroscopically a given arbitrary function +(x) into its harmonic 
conetituents. The ‘‘ perrueability ” of D photographic negative a t  
any point being defined as the square root of the reciprocal of the 

equivalent grating.” This 
is a plate whose permeability (variable in one dimension only) has a t  
any point z the value A+B+(x),  where A and B are constants. 
When this (transmission) grating takes its place in a spectroscope 
whose slit is fed with homogeneous light, the spectrum of the function 
$ ( , E )  can be seen or photographed. Suitably interpreted, it gives US 
the periodogram of @(z). A device is described which it is hoped 
may prove useful for determining the phases of the various harmonic 
constituents. 

The theory of the proposed method of resolving functions is dis- 
cussed, and is as complete as that  of ordinary spectroscopy, whilein 
one respect i t  is more simple ; for, since the light entering thespec- 
troscope-slit is entirely of one wave-lengt h, the comparison of 
intensities of spectral lines (whether visu,zlly or photographically) is 
facilitated. 

density,” the first step is to make an 4 L  

Some prelimiiiary practical tests are now being made. 

DISCUSSION. 
Lord RAYLEICH communicated the following remarks: In connection with 

Dr. Burton’s interesting Paper I should like to draw attention to somewhat 
silnilar snggestions that I made in 1903 ( I ‘  Phil. Mag.,’’ V., p. 238). It is  

R 2  
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to be wished tha t  one or other of these optical methods should be applied 
to some practical problem of the analysis of an irregular curvc. 

The CHAIRMAN remarked tha t  those who had gone through the labour 
of getting ou t  a periodogram would appreciate any mechanical means of 
doing this. He  understood tha t  Dr. Burton considered Lord Rayleigh’s 
method mas better than his own. 

The AUTHOR stated tha t  he thought that Rayleigh’s method had great 
advantages. In reply to Dr. A. Russell, he also stated tha t  the phase of the 
harmonic components could be determined, bu t  with an ambiguity of 
half a period. This ambiguity could be removed by a rough integration 
over a portion of the curve. 

Mr. J. E. SEARS asked if all the periods given by this method of analysiw 
were multiples of a fundamental as in the cases of the ordinary Fourier’s 
analysis. 

The AUTHOR stated tha t  the present method gave the periodogram of a 
function as it was given by Fourier’s double integral theorem. In reply 
to a further question from the same speaker, he stated that,in analysing 
a column of numerical values, the method would give all the detail t ha t  
was actually involved in the figures themselves. 

Mr. A. EAGLE (communicated remarks) thought it ought to be clearly 
pointed out  t ha t  if it was desired to analyse a function extending over a 
limited range into the ordinary Fourier’s Series, it mould be necessary to 
repeat thiR function end to end a very large number of times in the 
grating. If it mas only inserted once in the grating we should get the 
FourierIntegral analysis of a function, equal to the given function within 
the  given limits, but zero everywhere outside these limits, which was 
quite a different thing. For any periodic function stretching from --CO 

to +CO,  i t  was easily seen tha t  Fourier’s Integral broke down into a 
Fourier’s Series. Obviously, in this case, the periodogram must vanish 
for all wave-lengths tha t  are not aliquot parts of the wave-length of the 
function analysed. 

So far he has 
not  contemplated the application of his method to strictly periodic 
functions, because the coefficients of their various harmonic constituent* 
Can be so readily obtained by mechanical integration or othc.rn-ise. 

The AUTHOR entirely agrees with Mr. Eagle’s remarks. 


